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CANONICAL CONNECTIONS ON PARACONTACT MANIFOLDS
SIMEON ZAMKOVOY
Abstract. The canonical paracontact connection is defined and it is shown that
its torsion is the obstruction the paracontact manifold to be paraSasakian. A D-
homothetic transformation is determined as a special gauge transformation. The
η-Einstein manifold are defined, it is prove that their scalar curvature is a con-
stant and it is shown that in the paraSasakian case these spaces can be obtained
from Einstein paraSasakian manifolds with a D-homothetic transformations. It
is shown that an almost paracontact structure admits a connection with totally
skew-symmetric torsion if and only if the Nijenhuis tensor of the paracontact
structure is skew-symmetric and the defining vector field is Killing.
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1. Introduction
In [6] Kaneyuki and Konzai defined the almost paracontact structure on pseudo-
Riemannian manifold M of dimension (2n+1) and constructed the almost paracom-
plex structure on M (2n+1) × R. In this paper we study the properties of an almost
paracontact metric manifold. We consider gauge (conformal) transformations of a
paracontact manifold i.e. transformations preserving the paracontact structure. We
defineD-homothetic transformations as a special gauge transformation (homothetic)
and study the behavior of the Einstein condition under D-homothetic transforma-
tions on a paracontact metric manifold. We consider the η-Einstein manifold, prove
that their scalar curvature is a constant and show that in the paraSasakian case
these spaces are the images of Einstein paraSasakian manifolds under D-homothetic
transformations.
Date: 4th November 2018.
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2 SIMEON ZAMKOVOY
We define a canonical paracontact connection on a paracontact metric manifold
which seems to be the paracontact analogue of the (generalized) Tanaka-Webster
connection. We show that the torsion of this connection vanishes exactly when
the structure is para-Sasakian and compute the gauge transformation of its scalar
curvature.
We introduce and study also the notion of paracontact manifolds with torsion.
The paracontact manifolds with torsion are manifolds, which admit a linear almost
paracontact connection with totaly skew-symmetric torsion. We prove that an al-
most paracontact structure admits a connection with totally skew-symmetric torsion
if and only if the Nijenhuis tensor of the paracontact structure is skew-symmetric
and the defining vector field is Killing. In the contact case this connection is studied
in [3].
2. Almost paracontact manifolds
A (2n+1)-dimensional smooth manifold M (2n+1) has an almost paracontact struc-
ture (ϕ, ξ, η)if it admits a tensor field ϕ of type (1, 1), a vector field ξ and a 1-form
η satisfying the following compatibility conditions
(i) ϕ(ξ) = 0, η ◦ ϕ = 0,
(ii) η(ξ) = 1 ϕ2 = id− η ⊗ ξ,
(iii) let D = Ker η be the horizontal distribution generated by η, then
the tensor field ϕ induces an almost paracomplex structure (see [5])
on each fibre on D.
(2.1)
Recall that an almost paracomplex structure on an 2n-dimensional manifold is a
(1,1)-tensor J such that J2 = 1 and the eigensubbundles T+, T− corresponding
to the eigenvalues 1,−1 of J , respectively have equal dimension n. The Nijenhuis
tensor N of J , given by NJ(X,Y ) = [JX, JY ] − J [JX, Y ] − J [X, JY ] + [X,Y ], is
the obstruction for the integrability of the eigensubbundles T+, T−. If N = 0 then
the almost paracomplex structure is called paracomplex or integrable.
An immediate consequence of the definition of the almost paracontact structure
is that the endomorphism ϕ has rank 2n, ϕξ = 0 and η ◦ ϕ = 0, (see [1, 2] for the
almost contact case).
If a manifold M (2n+1) with (ϕ, ξ, η)-structure admits a pseudo-Riemannian metric
g such that
(2.2) g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ),
then we say that M (2n+1) has an almost paracontact metric structure and g is
called compatible metric. Any compatible metric g with a given almost paracontact
structure is necessarily of signature (n+ 1, n).
Setting Y = ξ, we have η(X) = g(X, ξ).
Any almost paracontact structure admits a compatible metric. Indeed, if G is
any metric, first set G(X,Y ) = G(ϕ2X,ϕ2Y ) + η(X)η(Y ); then η(X) = G(X, ξ).
Now define g by g(X,Y ) = 12(G(X,Y ) − G(ϕX,ϕY ) + η(X)η(Y )) end check g is
compatible.
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The fundamental 2-form
(2.3) F (X,Y ) = g(X,ϕY )
is non-degenerate on the horizontal distribution D and η ∧ Fn 6= 0.
Definition 2.1. If g(X,ϕY ) = dη(X,Y ) (where dη(X,Y ) = 12(Xη(Y ) − Y η(X) −
η([X,Y ]) then η is a paracontact form and the almost paracontact metric manifold
(M,ϕ, η, g) is said to be paracontact metric manifold.
The manifold M is orientable exactly when the canonical line bundle E = {η ∈
Λ1 : Ker η = D} is orientable, since D is orientable by the paracomplex structure
ϕ. Any two contact forms η¯, η ∈ E are connected by
(2.4) η¯ = ση,
where σ is non-vanishing smooth function on M . We study this conformal (gauge)
transformation in Section 4
Remark 2.2. We mention that some authors say M (2n+1) has an almost paracontact
metric structure if it admits a Riemannian metric g such that g(ϕX,ϕY ) = g(X,Y )−
η(X)η(Y ) (see [8, 4]). In our paper the metric is a pseudo-Riemannian and metric
satisfies a condition (2.2)
For a manifold M (2n+1) with an almost paracontact metric structure (ϕ, ξ, η, g)
we can also construct a useful local orthonormal basis. Let U be a coordinate
neighborhood on M and X1 any unit vector field on U orthogonal to ξ. Then ϕX1
is a vector field orthogonal to both X and ξ, and |ϕX1|2 = −1. Now choose a
unit vector field X2 orthogonal to ξ, X1 and ϕX1. Then ϕX2 is also vector field
orthogonal to ξ, X1, ϕX1 and X2, and |ϕX2|2 = −1. Proceeding in this way we
obtain a local orthonormal basis (Xi, ϕXi, ξ), i = 1...n called a ϕ-basis.
Hence, an almost paracontact metric manifold (M2n+1, ϕ, η, ξ, g) is an odd di-
mensional manifold with a structure group U(n,R)× Id,, where U(n,R) is the para-
unitary group isomorphic to GL(n,R).
Let M (2n+1) be an almost paracontact manifold with structure (ϕ, ξ, η) and con-
sider the manifold M (2n+1)×R. We denote a vector field on M (2n+1)×R by (X, f ddt)
where X is tangent to M (2n+1), t is the coordinate on R and f is a C∞ function on
M (2n+1) × R. An almost paracomplex structure J on M (2n+1) × R is defined in [6]
by
J(X, f
d
dt
) = (ϕX + fξ, η(X)
d
dt
).
If J is integrable, we say that the almost paracontact structure (ϕ, ξ, η) is normal.
As the vanishing of the Nijenhuis tensor of J is necessary and sufficient condition
for integrability, we express the condition of normality in terms of Nijenhuis tensor
of ϕ. Since NJ is tensor field of type (1, 2), it suffices to compute NJ((X, 0), (Y, 0))
and NJ((X, 0), (0, ddt)) for vector fields X and Y on M
(2n+1).
NJ((X, 0), (Y, 0)) = ([X,Y ], 0) + ([ϕX,ϕY ], (ϕXη(Y )− ϕY η(X)) d
dt
)−
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−(ϕ[ϕX, Y ]− Y η(X)ξ, η([ϕX, Y ]) d
dt
)− (ϕ[X,ϕY ] +Xη(Y )ξ, η([X,ϕY ]) d
dt
) =
(Nϕ(X,Y )− 2dη(X,Y )ξ, ((£ϕXη)Y − (£ϕY η)X) d
dt
).
NJ((X, 0), (0,
d
dt
)) = [(ϕX, η(X)
d
dt
), (ξ, 0)]− J [(X, 0), (ξ, 0)] =
= ([ϕX, ξ],−ξ(η(X)) d
dt
)− (ϕ[X, ξ], η([X, ξ]) d
dt
) =
= −((£ξϕ)X, (£ξη)X d
dt
).
We are thus lead to define tensors N (1), N (2), N (3) and N (4) by
N (1)(X,Y ) = Nϕ(X,Y )− 2dη(X,Y )ξ,
N (2)(X,Y ) = (£ϕXη)Y − (£ϕY η)X,
N (3)(X) = (£ξϕ)X,
N (4)(X) = (£ξη)X.
Clearly the almost paracontact structure (ϕ, ξ, η) is normal if and only if these four
tensors vanish.
Proposition 2.3. For an almost paracontact structure (ϕ, ξ, η) the vanishing of
N (1) implies the vanishing N (2), N (3) and N (4);
For a paracontact structure (ϕ, ξ, η, g), N (2) and N (4) vanish. Moreover N (3)
vanishes if and only if ξ is a Killing vector field.
Proof. Setting Y = ξ in dη(X,Y ) = 12(Xη(Y ) − Y η(X) − η([X,Y ]) and we get
dη(X, ξ) = 0. We have
0 = Nϕ(X, ξ) = −ϕ[ϕX, ξ] + ϕ2[X, ξ] = ϕ((£ξϕ)X).
Applying ϕ and noting that dη(ϕX, ξ) = 0 implies η([ξ, ϕX]) = 0, we have N (3) = 0.
Moreover (£ξη)ϕX = 0, but (£ξη)ξ = 0 is immediate and hance N (4) = 0. Finally,
we have
Nϕ(ϕX, Y )− 2dη(ϕX, Y )ξ = −N (2)(X,Y )ξ
which simplifies to N (2) = 0.
If the structure is paracontact we have already seen that N (4)(X) = (£ξη)X =
2dη(ξ,X) = 0. Now N (2) can be written
N (2)(X,Y ) = 2dη(ϕX, Y ) + 2dη(X,ϕY ) = 2g(ϕX,ϕY )− 2g(ϕY, ϕX) = 0.
Turning to N (3), since dη is invariant under the action of ξ, we have
0 = (£ξdη)(X,Y ) = ξg(X,ϕY )− g([ξ,X], ϕY )− g(X,ϕ[ξ, Y ]) =
= (£ξg)(X,Y ) + g(X,N (3)(Y )).

A paracontact structure for which ξ is Killing vector field is called a K-paracontact
structure.
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Proposition 2.4. For an almost paracontact metric structure (ϕ, ξ, η, g), the co-
variant derivative ∇ϕ of ϕ with respect to the Levi-Civita connection ∇ is given
by
2g((∇Xϕ)Y,Z) = −dF (X,Y, Z)− dF (X,ϕY, ϕZ)−N (1)(Y,Z, ϕX)(2.5)
+N (2)(Y,Z)η(X)− 2dη(ϕZ,X)η(Y ) + 2dη(ϕY,X)η(Z).
For a paracontact metric structure (ϕ, ξ, η, g), the formula (2.5) simplifies to
(2.6) 2g((∇Xϕ)Y,Z) = −N (1)(Y, Z, ϕX)− 2dη(ϕZ,X)η(Y ) + 2dη(ϕY,X)η(Z)
Proof. The Levi-Civita connection ∇ with respect to g is given by
2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y ) + g([X,Y ], Z)+
+g([Z,X], Y )− g([Y,Z], X).
On the other hand, dF can be expressed in the following way
dF (X,Y, Z) = XF (Y, Z) + Y F (Z,X) + ZF (X,Y )− F ([X,Y ], Z)−
−F ([Z,X], Y )− F ([Y, Z], X).
The last two equations imply (2.5). The equation (2.6) follows from equation (2.5)
and equalities N (2) = 0 and F = dη. 
We have seen that on a contact manifold, N (3) vanishes if and only if ξ is Killing
(Proposition 2.3) For a general paracontact structure the tensor field N (3) encodes
many important properties and for simplicity we define a tensor field h on a para-
contact manifold by
h =
1
2
£ξϕ =
1
2
N (3).
Lemma 2.5. On a paracontact matric manifold, h is a symmetric operator,
(2.7) ∇Xξ = −ϕX + ϕhX,
h anti-commutes with ϕ and trh = hξ = 0.
Proof. We have already seen that on a paracontact metric manifold, ∇ξϕ = 0,
∇ξξ = 0 and N (2) = 0. Thus
−g((£ξϕ)X,Y ) + η(∇XϕY ) + η(∇ϕXY )− η([ϕX, Y ]) =
= g(∇ϕXξ, Y ) + η(∇ϕXY )− η([ϕX, Y ]) = (£ϕXη)Y = (£ϕY η)X =
−g((£ξϕ)Y,X) + η(∇Y ϕX) + η(∇ϕYX)− η([ϕY,X]).
Hence g((£ξϕ)X,Y ) = g((£ξϕ)Y,X).
For the second statement, using Proposition 2.4, we have
2g((∇Xϕ)ξ, Z) = −g(N (1)(ξ, Z), ϕX)− 2dη(ϕZ,X) = −g((£ξϕ)Z,X)+
+2g(Z,X)− 2η(X)η(Z) = −g((£ξϕ)X,Z) + 2g(Z,X)− 2η(X)η(Z)
and hence ϕ∇Xξ = hX −X + η(X)ξ. Applying ϕ we obtain
∇Xξ = −ϕX + ϕhX.
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To see the anti-commutativity, note that
2g(X,ϕY ) = 2dη(X,Y ) = g(∇Xξ, Y )− g(∇Y ξ,X) = −g(ϕX, Y ) + g(ϕhX, Y )+
+g(ϕY,X)− g(ϕhY,X).
Therefore 0 = g(ϕhX, Y ) + g(Y, hϕX) giving hϕ + ϕh = 0. From the equality
ϕ∇Xξ = hX −X + η(X)ξ we get hξ = 0. 
Corollary 2.6. On a paracontact manifold, δη = 0, where δ is the co-differential.
Lemma 2.7. On a paracontact metric manifold we have the formula
(2.8) (∇ϕXϕ)ϕY − (∇Xϕ)Y = 2g(X,Y )ξ − (X − hX + η(X)ξ)η(Y )
Proof. Either using (2.6) or by direct differentiation of ∇Y ξ = −ϕY + ϕhY , we
obtain
(2.9) (∇XF )(ϕY,Z)−(∇XF )(Y, ϕZ) = η(Y )g(X−hX,ϕZ)+η(Z)g(X−hX,ϕY ).
Replacing Z by ϕZ and using (2.6), we get
(2.10) (∇XF )(ϕY, ϕZ)− (∇XF )(Y,Z) = η(Y )g(X − hX,Z)− η(Z)g(X − hX, Y )
Now, since dF = 0 we have
(2.11) − (∇XF )(Y,Z)− (∇Y F )(Z,X)− (∇ZF )(X,Y )−
−(∇XF )(ϕY, ϕZ)− (∇ϕY F )(ϕZ,X)− (∇ϕZF )(X,ϕY )+
+(∇ϕXF )(ϕY,Z) + (∇ϕY F )(Z,ϕX) + (∇ZF )(ϕX,ϕY )+
+(∇ϕXF )(Y, ϕZ) + (∇Y F )(ϕZ,ϕX) + (∇ϕZF )(ϕX, Y ) = 0.
Now (2.9), (2.10) and (2.11) give
(∇ϕXF )(ϕY,Z)− (∇XF )(Y, Z) = −2g(X,Y )η(Z) + g(X − hX + η(X)ξ, Z)η(Y )
from which the result follows. 
We recall that a paraSasakian manifold is a normal paracontact metric manifold.
Theorem 2.8. An almost paracontact metric structure (ϕ, ξ, η, g) is paraSasakian
if and only if
(2.12) (∇Xϕ)Y = −g(X,Y )ξ + η(Y )X
In particular, a paraSasakian manifold is K-paracontact.
Proof. Suppose (ϕ, ξ, η, g) is paraSasakian. Then Proposition 2.4 yields
2g((∇Xϕ)Y,Z) = −2dη(ϕZ,X)η(Y )+2dη(ϕY,X)η(Z) = 2g(−g(X,Y )ξ+η(Y )X,Z).
Conversely, assume (∇Xϕ)Y = −g(X,Y )ξ + η(Y )X, set Y = ξ to get −ϕ∇Xξ =
−η(X)ξ +X. Hence ∇Xξ = −ϕX and therefore
2dη(X,Y ) = g(∇Xξ, Y )− g(∇Y ξ,X) = 2g(X,ϕY )
showing that (ϕ, ξ, η, g) is a paracontact metric structure.
Now, we calculate
Nϕ(X,Y )−2dη(X,Y )ξ = [ϕX,ϕY ]−ϕ[ϕX, Y ]−ϕ[X,ϕY ]+ϕ2[X,Y ]−2dη(X,Y )ξ =
= (∇ϕXϕ)Y − (∇ϕY ϕ)X − ϕ(∇Xϕ)Y + ϕ(∇Y ϕ)X − 2dη(X,Y )ξ = −g(ϕX, Y )ξ+
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+η(Y )ϕX + g(ϕY,X)ξ − η(X)ϕY − η(Y )ϕX + η(X)ϕY − 2dη(X,Y )ξ =
= 2g(X,ϕY )− 2dη(X,Y )ξ = 0.
Therefore, (ϕ, ξ, η, g) is paraSasakian. 
3. Curvature of Paracontact manifolds
In this chapter we discuss some aspects of the curvature of paracontact manifolds.
We begin with some preliminaries concerning the tensor field h.
Proposition 3.1. On a paracontact manifold M2n+1 we have the formulas
(∇ξh)X = −ϕX + h2ϕX + ϕR(ξ,X)ξ,(3.13)
(R(ξ,X)ξ + ϕR(ξ, ϕX)ξ) = 2ϕ2X − 2h2X(3.14)
Proof. Using Lemma 2.5, we calculate
R(ξ,X)ξ = ∇ξ(−ϕX + ϕhX) + ϕ[ξ,X]− ϕh[ξ,X].
Applying ϕ, taking into account that ∇ξϕ = 0, we obtain
ϕR(ξ,X)ξ = −∇Xξ + (∇ξh)X + h∇Xξ.
Apply Lemma 2.5 to get (3.13). Multiply (3.13) with ϕ to derive
R(ξ,X)ξ = ϕ2X + ϕ(∇ξh)X − h2X.
Taking into account that ϕR(ξ, ϕX)ξ = ϕ2X − ϕ(∇ξh)X − h2X, we get (3.14). 
Corollary 3.2. On a paracontact metric manifold M2n+1 the Ricci curvature in the
direction of ξ is given by
(3.15) Ric(ξ, ξ) = −2n+ |h|2
On a K-paracontact metric manifold M2n+1 we have Ric(ξ, ξ) = −2n.
Proposition 3.3. On a paraSasakian manifold
R(X,Y )ξ = η(X)Y − η(Y )X.
Proof. We calculate
R(X,Y )ξ = −∇XϕY +∇Y ϕX + ϕ[X,Y ] = −(∇Xϕ)Y + (∇Y ϕ)X =
= η(X)Y − η(Y )X.

Lemma 3.4. The curvature tensor of a paracontact metric manifold satisfies
R(ξ,X, Y, Z) = −(∇XF )(Y,Z) + g(X, (∇Y ϕh)Z)− g(X, (∇Zϕh)Y ),(3.16)
R(ξ,X, Y, Z) +R(ξ,X, ϕY, ϕZ)−R(ξ, ϕX,ϕY,Z)−R(ξ, ϕX, Y, ϕZ)(3.17)
= −2(∇hXF )(Y,Z) + 2g(X − hX,Z)η(Y )− 2g(X − hX, Y )η(Z).
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Proof. Differentiating ∇Zξ = −ϕZ + ϕhZ, we obtain
R(Y,Z)ξ = −(∇Y ϕ)Z + (∇Zϕ)Y + (∇Y ϕh)Z − (∇Zϕh)Y
which, since dF = 0, yields the first formula (3.16). Set
A(X,Y, Z) = −(∇XF )(Y, Z)− (∇XF )(ϕY, ϕZ) + (∇ϕXF )(Y, ϕZ)
+(∇ϕXF )(ϕY,Z)
B(X,Y, Z) = g(X, (∇Y ϕh)Z) + g(X, (∇ϕY ϕh)ϕZ)− g(ϕX, (∇Y ϕh)ϕZ)
−g(ϕX, (∇ϕY ϕh)Z).
Use (3.16) to see that the left hand side of (3.17) is equal to A(X,Y, Z)+B(X,Y, Z)−
B(X,Z, Y ). The proof of Lemma 3.4 yields
A(X,Y, Z) = −2g(X,Y )η(Z) + 2g(X,Z)η(Y ).
It is straightforward to show that η((∇ϕY h)Z) = g(Y + hY, hZ). Rewrite B in the
form
B(X,Y, Z) = g(X, (∇Y ϕ)hZ)− g(ϕhX, (∇ϕY ϕ)Z)− g(ϕX, (∇ϕY ϕ)hZ)−
−g(ϕX, h(∇Y ϕ)Z) + η(X)(∇ϕY η)hZ.
Use Lemma 3.4 again to obtain
B(X,Y, Z) = −2g(hX, (∇Y ϕ)Z) + 2g(hX, Y )η(Z) + 2g(hY, hZ)η(X).
Finally, compute A(X,Y, Z) + B(X,Y, Z) − B(X,Z, Y ), use dF = 0 to get the
result. 
Let us fix a local coordinates (x1, . . . , x2n+1). We shall use the Einstein summation
convention. The equations (2.1), (2.2) and (2.7), in local coordinates, have the
expression
ηrξ
r = 1, ϕirξ
r = 0, ηrϕrj = 0, ϕ
i
rϕ
r
j = δ
i
j − ξiηj ,
grsϕ
r
jϕ
s
k = −gjk + ηjηk, gjrξr = ηj .
We get using (2.6) that
∇iηj −∇jηi = 2ϕij = 2girϕrj ,
∇rϕrj = 2nηj , ξr∇rϕij = 0, ∇rηsϕriϕsj = ∇jηi,(3.18)
∇rηiϕrj and ∇iηrϕrj are symmetric in i, j.(3.19)
Moreover, Lemma 2.5 implies
(3.20) ∇iηj = ϕij + ϕirhrj , hij = hji = gjrhri , ϕirhrj = −hirϕrj , hijξj = 0.
Consequently, (3.20) yields
(3.21) ∇rηi∇rηj = −gij + ηiηj − 2hij − hirhrj .
From the equations (3.14) and (3.15) we also have
Rirsjξ
rξs −Rarsbξrξsϕaiϕbj = −2gij + 2ηiηj + 2hirhrj ,(3.22)
Ric(ξ, ξ) = −2n+ |h|2,
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where |h|2 = girgjshijhrs, for h = (hij).
Lemma 3.5. Let (M, g, ϕ, η, ξ) be a paracontact pseudo-Riemannian manifold. Then
the Ricci tensor Ric of the Levi-Chevita connection satisfies the following relations:
Ricjrξ
r = ∇r∇jξr = ∇r∇rηj − 4nηj ,(3.23)
ϕsj∇r∇rϕks + ϕsk∇r∇rϕjs = 2∇rϕsj∇rϕsk −Ricjrξrηk −Rickrξrηj(3.24)
+2hjrhrk + 4hjk + 2gjk − 2(4n+ 1)ηjηk.
Proof. Contracting Rkijrξ
r = ∇i∇jξk − ∇j∇iξk with respect to i and k, we obtain
the first equality in (3.23). To verify the second equality, we observe that ∇r∇rηj =
∇r(2ϕrj) +∇r∇rηr. Then use (3.18) to get (3.23). Next, applying the hyperbolic
Laplacian ∇r∇r to ϕsjϕks = gjk − ηjηk, we obtain
ϕsj∇r∇rϕks + ϕsk∇r∇rϕjs − 2∇rϕsj∇rϕsk = −ηk∇r∇rηj − ηj∇r∇rηk − 2∇rηj∇rηk.
The latter together with (3.21) and (3.23) yields (3.24). 
The obstruction an almost paracontact pseudo-Riemannian manifold to be a
paraSasakian, described in Theorem 2.8, is the tensor P = (Prsi) defined by
(3.25) Prsi = ∇rϕsi − ηigrs + ηsgri.
Lemma 3.6. On a paracontact metric manifold PrsiP rsj is given by
(3.26) PrsiP rsj = ∇rϕsi∇rϕsj + 2hij − gij − (2n− 1)ηiηj .
Proof. First we get
PrsiP
rs
j = ∇rϕsi∇rϕsj + ηs∇iϕsj + ηs∇jϕsi + gij − (2n+ 1)ηiηj .
Since ηs∇iϕsj = −ϕsj∇iηs, applying (3.20) to the last equation, we obtain (3.26). 
We define the *-Ricci tensor Ric∗ij and the *-scalar curvature scal
∗ by
Ric∗ij = g
psRpilkϕ
l
jϕ
k
s , scal
∗ = gijRic∗ij .
Lemma 3.7. The symmetric part of the *-Ricci tensor is given by
(3.27) Ric∗ij +Ric
∗
ji = −Ricij +Ricrsϕriϕsj − 2(2n− 1)gij+
+2(n− 1)ηiηj + PrsiP rsj + hirhrj .
Proof. By the Ricci identity for ϕ, we obtain
(3.28) ∇l∇kϕij −∇k∇lϕij = Rilkaϕaj −Rslkjϕis.
Contracting the last equation with respect to i and k, we get
(3.29) 2n∇lηj −∇i∇lϕij = −Riclaϕaj −Rsiljϕis.
Transvecting (3.29) by ϕlk, we obtain
(3.30) 2n∇lηjϕlk − ϕlk∇i∇lϕij = −Riclaϕajϕlk +Ric∗jk.
Transvecting (3.29) by −ϕjk, we obtain
(3.31) − 2n∇lηjϕjk + ϕjk∇i∇lϕij = Riclk −Riclaξaηk +Ric∗lk.
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Change l to j in (3.31). Then the obtained result and (3.30) imply
4nϕrjϕrk − ϕrk∇i(∇rϕij −∇jϕir) = Ricjk −Ricrsϕrjϕsk −Ricjsξsηk + 2Ric∗jk.
Since ∇rϕij +∇iϕjr +∇jϕri = 0, the above is written as
−4n(gkj − ηkηj) + ϕrk∇i∇iϕjr = Ricjk −Ricrsϕrjϕsk −Ricjsξsηk + 2Ric∗jk.
Take the symmetric part of the latter equation, use (3.24) and (3.26) to derive
(3.27). 
We define P (X) = (PrsiXi). Then we get |P (X)|2 = (PrsiP rsj XiXj). By (3.26)
it easy to verify
(3.32) |P (ξ)|2 = |h|2.
Therefore, if (M,ϕ, η, g) is a K-paracontact manifold, then |P (ξ)|2 = 0.
By Lemma 3.7 we obtain the following
Corollary 3.8. If a paracontact manifold (M,ϕ, η, g) is a paraSasakian, then
(3.33) Ric∗ij +Ric
∗
ji = −Ricij +Ricrsϕriϕsj − 2(2n− 1)gij + 2(n− 1)ηiηj
The equalities (3.27) and (3.15) give
Corollary 3.9. Let (M,ϕ, η, g) be a paracontact manifold. Then
(3.34) scal + scal∗ + 4n2 = |h|2 + 1
2
|∇ϕ|2 − 2n,
where |P |2 = |∇ϕ|2 − 4n. If (M,ϕ, η, g) is paraSasakian manifold, then
scal + scal∗ + 4n2 = 0.
In the contact case the identity (3.34) has been proven by Olszak ([7], see also
[10]).
Theorem 3.10. Let (M,ϕ, η, g) be a locally conformally equivalent to a flat para-
contact manifold of dimension 2n+ 1 = 5. For any unit X orthogonal to ξ
Ric(X,X)−Ric(ϕX,ϕX) = −4n− 1
n(2n− 3)(2n(2n+ 1) + scal)(3.35)
+
2n− 1
2n− 3(|P (X)|
2 + |h(X)|2).
If (M,ϕ, η, g) is a conformally flat paraSasakian manifold and 2n+ 1 = 5, then
Ric(X,X)−Ric(ϕX,ϕX) = −4n− 1
n(2n− 3)(2n(2n+ 1) + scal).
Proof. Recall that a Riemannian manifold is locally conformally flat exactly when
the Weyl curvature vanishes due to the Weyl’s theorem. Let (M,ϕ, η, g) be a con-
formally flat paracontact manifold. Then the Riemannian curvature tensor R is
expressed as
Rijkl =
1
2n− 1(Ricjkgil−Ricikgjl−Ricjlgik+Ricilgjk)−
scal
2n(2n− 1)(gjkgil−gikgjl)
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Hence, Ric∗(X,X) for any unit X ⊥ ξ is given by
Ric∗(X,X) = − 1
2n− 1(Ric(X,X)−Ric(ϕX,ϕX)) +
scal
2n(2n− 1)
On the other hand, (3.27) gives
2Ric∗(X,X) = −Ric(X,X) +Ric(ϕX,ϕX))− 2(2n− 1) + |P (X)|2 + |h(X)|2.
Combining the last two equations we obtain (3.35). 
Remark 3.11. Let (ei, ϕei, ξ) be an adapted basis of a conformally flat paracontact
manifold. Then, using (3.15) and (3.35), we can show that the scalar curvature scal
is given by
scal = −2n(2n+ 1) + 2n− 1
4(n− 1)(2n− 3) |P |
2 +
2n− 3
2(n− 1) |h|
2.
Theorem 3.12. If a paracontact manifold M2n+1 is of constant sectional curvature
c and dimension 2n+ 1 ≥ 5, then c=-1 and |h|2 = 0.
Proof. Recall from Proposition 3.1 that, 12(R(ξ,X)ξ +ϕR(ξ, ϕX)ξ) = ϕ
2X − h2X;
thus if R(X,Y )Z = c(g(Y,Z)X − g(X,Z)Y ), then c(η(X)ξ −X − ϕ2X) = 2ϕ2X −
2h2X. Therefore h2X = (c + 1)ϕ2X and hence |h|2 = 2n(c + 1). Now from
Lemma 3.4
(∇hXF )(Y,Z) = −(c+ 1)g(X,Y )η(Z) + (c+ 1)g(X,Z)η(Y ) + g(hX, Y )η(Z)
−g(hX,Z)η(Y ).
Replacing X by hX, we have
(∇h2XF )(Y,Z) = −(c+ 1)g(hX, Y )η(Z) + (c+ 1)g(hX,Z)η(Y ) + g(h2X,Y )η(Z)
−g(h2X,Z)η(Y ).
Hence, (c+ 1)((∇Xϕ)Y + g(X − hX, Y )ξ− (X − hX)η(Y )) = 0. We have two cases
CASE 1. If c = −1 then we have |h|2 = 0.
CASE 2. If c 6= −1 then (∇Xϕ)Y = −g(X−hX, Y )ξ+(X−hX)η(Y ). Using the
latter, we compute |∇ϕ|2 and applying |h|2 = 2n(c+1), we obtain |∇ϕ|2 = 4n(c+2).
On the other hand scal = 2n(2n+ 1)c and scal∗ = −2nc as is easily checked. Now
from the formula in Corollary 3.9, we obtain 4n2(c + 1) = 4n(c + 1). This is a
contradiction, because n > 1 and c 6= −1. 
We restrict our attention to paraSasakian manifolds. We begin with
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Lemma 3.13. On a paraSasakian manifold we have
R(X,Y, ϕZ,W ) +R(X,Y, Z, ϕW ) = −dη(X,W )g(Y, Z) + dη(X,Z)g(Y,W )
(3.36)
−dη(Y, Z)g(X,W ) + dη(Y,W )g(X,Z),
R(ϕX,ϕY, ϕZ, ϕW )−R(X,Y, Z,W ) = η(X)η(W )g(Y, Z)(3.37)
+η(Y )η(Z)g(X,W )− η(Y )η(W )g(X,Z)− η(X)η(Z)g(Y,W ),
R(X,ϕX, Y, ϕY ) = −R(X,Y,X, Y ) +R(X,ϕY,X,ϕY )(3.38)
+η(X)η(Y )g(X,Y ) + 2(dη(X,Y )dη(X,Y )− g(X,Y )g(X,Y ) + |X|2|Y |2).
Ric(X,ϕY ) +Ric(ϕX, Y ) = −dη(X,Y )(3.39)
Proof. The first equality follows by definition and (∇Xϕ)Y = −g(X,Y )ξ + η(Y )X.
Using the first equality we obtain the second. The third equality follows by the first
Bianchi identity to R(X,ϕX, Y, ϕY ) and using the first equality. Finally choosing a
ϕ-basis and second equality we obtain the fourth equality. 
Corollary 3.14. On a paraSasakian manifold for X,Y,Z,W orthogonal to ξ we have
R(ϕX,ϕY, ϕZ, ϕW ) = R(X,Y, Z,W );
R(X,ϕX, Y, ϕY ) = −R(X,Y,X, Y ) +R(X,ϕY,X,ϕY )+
+2(dη(X,Y )dη(X,Y )− g(X,Y )g(X,Y ) + |X|2|Y |2);
Ric(X,ϕY ) +Ric(ϕX, Y ) = 0.
The Bianchi identities and equation (3.37) yield
Lemma 3.15. The Ricci tensor Ric of a (2n+ 1)−dimensional paraSasakian man-
ifold M satisfies the relations
Ric(X,Y ) =
1
2
2n+1∑
i=1
R(X,ϕY, ei, ϕei)− (2n− 1)g(X,Y )− η(X)η(Y ),
Ric(ϕX,ϕY ) = −Ric(X,Y )− 2nη(X)η(Y ),
(∇ZRic)(X,Y ) = (∇XRic)(Y,Z)− (∇ϕYRic)(ϕX,Z)− η(X)Ric(ϕY,Z)
−2η(Y )Ric(ϕX,Z)− 2nη(X)g(ϕY,Z)− 4nη(Y )g(ϕX,Z).
4. Canonical paracontact connection and conformal (gauge)
transformation
Let (M,ϕ, ξ, η, g) be a paracontact manifold. All paracontact forms η˜ generating
the same horizontal distribution D = Ker η are connected by η˜ = ση for a positive
smooth function σ on M . We consider another paracontact form η˜ = ση and define
structure tensors (ϕ˜, ξ˜, g˜) corresponding to η˜ using the condition:
(?) For each point x of M , the actions of ϕ and ϕ˜ are identical on Dx
By calculating dη˜ = d(ση), we obtain
(4.40) 2ϕ˜ij = σiηj − σjηi + 2σϕij ,
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where σi = ∇iσ. By ξ˜iϕ˜ij = 0, η˜iξ˜i = 1 and (4.40), we obtain ξ˜σ = 1σ ξσ, and
(4.41) ξ˜k =
1
σ
ξk − 1
2σ2
ϕkjσ
j .
So we define ζ by ζk = − 12σϕkjσj and get
ξ˜k =
1
σ
(ξk + ζk).
By ϕ˜ijϕ˜jk = δki − ξ˜kη˜i and η˜jϕ˜jk = 0, ϕ˜jk is determined:
(4.42) ϕ˜jk =
1
σ
ϕjk.
Now, by the condition (?) we can put ϕ˜ij = ϕ
i
j + v
iηj for some vector field v on M .
By η˜iϕ˜ij = 0 and ϕ˜
i
jϕ˜
j
k = δ
i
k − ξ˜iη˜k, v is determined:
vi =
1
2σ
(σi − ξσ · ξi).
By the expressions of ϕ˜ij and ϕ˜ij , we obtain
g˜ij = σ(gij − ηiζj − ηjζi) + σ(σ − 1 + |ζ|2)ηiηj .
The inverse matrix (g˜jk) of (g˜ij) is given by
g˜jk =
1
σ
(gjk − ξjξk) + 1
σ2
(ξj + ζj)(ξk + ζk).
The last relation can be rewritten as
(4.43) σ(g˜jk − ξ˜j ξ˜k) = gjk − ξjξk.
Summarizing the above discussions, we obtain
Lemma 4.1. Under condition (?), a gauge transformation η → η˜ = ση of a para-
contact form η induces the transformation of the structure tensors of the form:
ξ˜k =
1
σ
(ξk + ζk), ζk = − 1
2σ
ϕkjσ
j ,
ϕ˜ij = ϕ
i
j +
1
2σ
(σi − ξσ · ξi)ηj ,
g˜ij = σ(gij − ηiζj − ηjζi) + σ(σ − 1 + |ζ|2)ηiηj .
We call the transformation of the structure tensors given by Lemma 4.1 a gauge
(conformal) transformation of paracontact pseudo-Riemannian structure. When σ
is constant this is a D-homothetic transformation studied in the Subsection 4.1
On a strongly pseudo-convex CR-manifold Tanaka [9] and Webster [12] introduced
a canonical connection preserving the structure called Tanaka-Webster connection.
Tanno generalized this connection extending its definition to the general contact
metric manifold.
Following [11], we consider the connection ∇˜ defined by
(4.44)
∇˜XY = ∇XY + η(X)ϕY − η(Y )∇Xξ + (∇Xη)Y · ξ
= ∇XY + η(X)ϕY + η(Y )(ϕX − ϕhX) + g(X,ϕY ) · ξ − g(hX,ϕY ) · ξ.
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The torsion of this connection is then
T (X,Y ) = η(X)ϕY − η(Y )ϕX − η(Y )∇Xξ + η(X)∇Y ξ + 2dη(X,Y )ξ(4.45)
= η(X)ϕhY − η(Y )ϕhX + 2g(X,ϕY )ξ.
Proposition 4.2. On a paracontact manifold the connection ∇˜ has the properties
(4.46)
∇˜η = 0, ∇˜ξ = 0, ∇˜g = 0,
(∇˜Xϕ)Y = (∇Xϕ)Y + g(X − hX, Y )ξ − η(Y )(X − hX),
T (ξ, ϕY ) = −ϕT (ξ, Y ), Y ∈ Γ(D) or Y ∈ Γ(TM)
T (X,Y ) = 2dη(X,Y )ξ, X, Y ∈ Γ(D).
Proof. Calculation is straightforward by using (4.44) and (4.45). 
Definition 4.3. We call the connection ∇˜ defined above on a paracontact manifold
the canonical paracontact connection.
We calculate the curvature of ∇˜. Let W be the (1, 2)-tensor field expressing the
difference between ∇˜ and ∇, W kij = Γ˜kij − Γkij . We obtain using (4.44) that
(4.47) R˜lijk = R
l
ijk +∇iϕlkηj −∇jϕlkηi + 2ϕijϕlk − ϕls∇jξsηiηk + ϕls∇iξsηjηk+
+ξl∇iηsϕskηj − ξl∇jηsϕskηi − ξlRsijkηs − ηkRlijsξs +∇jηk∇iξl −∇iηk∇jξl.
Contracting (4.47) with respect to i and l, we obtain
R˜icjk = Ricjk − 2gjk + 2ηjηk − ηkRicjsξs −Rjsrkξsξr −∇rηk∇jξr.
Since R˜icjkξjξk = 0, we define the scalar curvature of the canonical paracontact con-
nection of a paracontact pseudo-Riemannian manifold (M, ξ, η, g) by W1 = gjkR˜icjk.
Using (3.23), we obtain ∇rηs∇sξr = −Ricrsξrξs. Hence,
(4.48) W1 = scal −Ric(ξ, ξ)− 4n.
Let f and f ′ be two functions on a paracontact pseudo-Riemannian manifold (M, ξ, η, g).
We define operator 4D acting on the space of functions by using the hyperbolic
Laplacian 4 and ξ:
4Df = 4f − ξξf = (gij − ξiξj)∇i∇jf,
and (df ; df ′)D by
(df ; df ′)D = (gij − ξiξj)∇if∇jf ′.
Furthermore, |df |2D means (df ; df)D, which is equal to |df |2 − (ξf)2.
Theorem 4.4. Let (η, g) → (η˜ = ση, g˜) be a conformal (gauge) transformation of
paracontact pseudo-Riemannian structure. Then the transformation of the scalar
curvature W1 of the canonical paracontact connection is given by
(4.49) σW˜1 = W1 − 2(n+ 1)
σ
4Dσ − (n+ 1)(n− 2)
σ2
|dσ|2D.
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Proof. We follow the scheme in [11]. Geometric quantities corresponding to g˜ are
denoted by ∼. We define W˜ ijk by
W˜ ijk = Γ˜
i
jk − Γijk.
Then
W˜ ijk =
1
2
g˜ia(∇j g˜ak +∇kg˜aj −∇ag˜jk).
The Ricci tensor R˜ic is given by
R˜icjl = Ricjl +∇rW˜ rlj −∇lW˜ rrj + W˜ sljW˜ rrs − W˜ srjW˜ rls.
Transvecting the last equality by gjl − ξjξl and using (4.43) we obtain
(4.50) σ(s˜cal− R˜icjlξjξl) = scal−Ricjlξjξl + (gjl − ξjξl)∇rW˜ rlj
−(gjl − ξjξl)∇lW˜ rrj + (gjl − ξjξl)W˜ sljW˜ rrs − (gjl − ξjξl)W˜ srjW˜ rls.
First we calculate the following:
W˜ rlj(g
jl − ξjξl) = 1
2
g˜ra(∇lg˜aj +∇j g˜al −∇ag˜jl)σ(g˜jl − ξ˜j ξ˜l) =
= σg˜ra[∇j(ξ˜j η˜a)−∇j( 1
σ
(gjl − ξjξl))g˜al]− 12σg˜
rag˜jl∇( 1
σ
(gjl − ξjξl)).
After some calculation, we obtain
W˜ rlj(g
jl − ξjξl) = n
σ
ξσ · ξr − n
σ
σr,(4.51)
∇r(W˜ rlj(gjl − ξjξl)) =
n
σ2
|dσ|2D −
n
σ
4Dσ.(4.52)
Next, using 2∇r(ξjξl)W˜ rlj = ∇rξjξlg˜ra(∇lg˜aj +∇j g˜al −∇ag˜jl), we derive
(4.53) ∇r(ξjξl)W˜ rlj = 4n(σ − 1 + |ζ|2) +
1
σ
(σrζs + σsζr)∇sηr + 1
σ2
ξσζrζs∇sηr+
+
1
σ
ζr∇rηjζa∇jηa − 2ϕrj∇jζr + 1
σ
ζr∇rηj(∇jζa +∇aζj)ζa + 1
σ2
(1− |ζ|2)σjζr∇rηj .
By a direct calculation we get
(4.54) g˜ra∇j g˜ra = 2(n+ 1)
σ
σj
Therefore
(4.55) (gjl − ξjξl)∇lW˜ rrj =
(n+ 1)
σ
4Dσ − (n+ 1)
σ2
|dσ|2D.
The fifth term of the right-hand side of (4.50) is
(4.56) (gjl − ξjξl)W˜ sljW˜ rrs = −
n(n+ 1)
σ2
|dσ|2D
due to (4.51) and (4.54).
The sixth term of right-hand side of (4.50) is
(gjl−ξjξl)W˜ srjW˜ rls =
1
4
(gjl−ξjξl)[−∇j g˜rs∇lg˜rs−2∇ag˜jr∇sg˜lbg˜sag˜rb+2∇ag˜jr∇bg˜lsg˜sag˜rb].
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The right-hand side of the last equality is calculated as follows:
1
4
(gjl−ξjξl)∇j g˜rs∇lg˜rs = −n+ 22σ2 |dσ|
2
D+
1
2
(2−σ− 1
σ
−|ζ|2)|∇ξ|2+(1− 1
σ
)(∇ξ;∇ζ)+
+
1
σ
ξrσs∇sζr− 12σ |∇ζ|
2+
1
σ
ζr∇lζrηs∇lζs− 12σ (σ+1+|ζ|
2)ξr∇lζrηs∇lζs+ 12σ |∇ξζ|
2,
1
2
(gjl−ξjξl)∇ag˜jr∇sg˜lbg˜sag˜rb = n
σ2
[|dσ|2D+(
1
σ
−1)(ξσ)2]+( 1
2σ
(σ−1)2+ |ζ|2)|∇ξ|2+
+
1
σ
(1−σ)(∇ξ;∇ζ)+( 1
2σ2
(σ−1)2+ 1
σ
|ζ|2)|∇ζξ|2+ 12σ |∇ζ|
2+
1
σ2
(1−σ)ζa∇aηr(ξb+ζb)∇bζr−
− 2
σ
ζrσs∇sηr − 2
σ2
ξσ · ζrζs∇sηr + 1
σ
ζs∇aηsζ l∇aζl + 12σ (1 + |ζ|
2)ζr∇aηrζs∇aηs+
+
1
σ2
ζsζa∇aηsζ l(ξb + ζb)∇bζl + 12σ2 (1 + |ζ|
2)(ζrζs∇sηr)2,
1
2
(gjl−ξjξl)∇ag˜jr∇bg˜lsg˜sag˜rb = − 12σ2 |dσ|
2
D+
1
σ
σrζs∇sηr+ 1
σ2
ξσ(∇rζr+ζrζs∇sηr)−
−1
2
|ζ|2∇bηa∇aξb + 1
σ
(∇ζξ;∇ξζ)− 1
σ
(1 + |ζ|2)ζb∇bηaζs∇aηs − 1
σ
ζb∇bηaζr∇aζr−
− 1
2σ2
|∇ζξ+∇ξζ +∇ζζ|2− 12σ2 (1 + |ζ|
2)(ζrζs∇sηr)2− 1
σ2
ζrζa∇aηrζs(ξb + ζb)∇bζs.
Since ∇rζr = −nσ ξσ, we obtain
(4.57) (gjl − ξjξl)W˜ srjW˜ rls = −
n− 1
2σ2
|dσ|2D − |ζ|2ϕrs∇sξr +
1
2
ζr∇lηrζs∇lηs+
+
1
σ2
ξσ·ζrζs∇sηr+ 2
σ
ζrσs∇sηr+ 1
σ
(1+|ζ|2)ζb∇bηaζs∇aηs+ 1
σ
ζa∇aηr(∇bζr+∇rζb)ζb−
−(1
2
− 1
σ
+
1
σ
|ζ|2)|∇ζξ|2.
Since
(∇aηr∇bξr −∇rηa∇rηb)ζaζb = −2(ϕra∇bηr + ϕra∇rηb)ζaζb =
1
σ
(∇aηb +∇bηa)ζaζb,
etc., summarizing (4.52), (4.53), (4.55)-(4.57), we get
σ(s˜cal−R˜icjlξ˜j ξ˜l) = scal−Ricjlξjξl+4n(σ−1)−2(n+ 1)
σ
4Dσ−(n+ 1)(n− 2)
σ2
|dσ|2D,
from which we obtain (4.49). 
Corollary 4.5. For function f on M ,
(4.58) 4˜Df = 1
σ
4Df + n
σ2
(dσ; df)D
Proof. By definition of 4D and 4˜D we obtain
4˜Df = (g˜rs−ξ˜r ξ˜s)∇˜rfs = 1
σ
(grs−ξrξs)(∇rfs−W˜ arsfa) =
1
σ
4Df− 1
σ
(grs−ξrξs)W˜ arsfa.
Applying (4.51) to the last line, we get (4.58). 
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4.1. D-homothetic transformations. In this section we consider homothetic gauge
transformation, i.e. conformal transformation with constant function. Our main ob-
servation here is that these transformations preserve the η-Einstein condition in the
paraSasakian case. Moreover, we show that any η-Einstein paraSasakian manifold
with scal 6= 2n is D-homothetic to an Einstein manifold.
Set σ = α = const. in Lemma 4.1 to get
(4.59) gjk = αgjk + βηjηk,
where α and β = α(α−1) are constants satisfying α 6= 0 and α+β > 0. The inverse
matrix (gij) of (gjk) is given by
(4.60) gij =
1
α
gij − β
α(α+ β)
ξiξj .
Denoting by W ijk the difference Γ
i
jk − Γijk of Christoffel symbols, we have on a
paracontact manifold
(4.61) W ijk = −
β
α
(ϕijηk + ϕ
i
kηj)−
β
2(α+ β)
ξi(∇jηk +∇kηj)
which follows from (4.59) and (4.60).
We assume to the end of this subsection that M is a K-paracontact manifold. We
have
(4.62) W ijk = −
β
α
(ϕijηk + ϕ
i
kηj).
Substitute (4.62) into Rlijk = R
l
ijk +∇iW ljk−∇jW lik +W lisW sjk−W ljsW sik, we obtain
R
l
ijk = R
l
ijk −
β
α
(2ϕlkϕij − ϕljϕik + ϕliϕjk)+(4.63)
+
β
α
(∇jϕliηk +∇jϕlkηi −∇iϕljηk −∇iϕlkηj) +
β2
α2
(δljηiηk − δliηjηk).
Contracting with respect i and l, we have
(4.64) Ricjk = Ricjk + 2
β
α
gjk − 2 β
α2
((2n+ 1)α+ nβ)ηjηk,
where we have used (3.18). Contracting the last equation with (4.60), we get
(4.65) scal =
1
α
scal + 2n
β
α2
.
Definition 4.6. If the Ricci tensor of a K-paracontact manifold M is of the form
Ric(X,Y ) = ag(X,Y ) + bη(X)η(Y ),
a and b being constant, then M is called an η−Einstein manifold.
Proposition 4.7. Let M be a (2n+ 1)-dimensional paraSasakian manifold. If the
Ricci tensor Ric of M satisfies Ric(X,Y ) = ag(X,Y ) + bη(X)η(Y ), then a, b and
scal are constant.
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Proof. From the assumption on the Ricci tensor Ric we have a+b = −2n and scal =
(2n+1)+b. Then we have Za = −Zb and Z(scal) = (2n+1)Za+Zb = −2nZb. On
the other hand, Lemma 3.15 implies Z(scal) = 2Za+2(ξb)η(Z) = −2Zb+(ξb)η(Z).
Therefore, we obtain (n−1)(Zb) = −(ξb)η(Z). Put Z = ξ in the latter to find ξb = 0.
Hance Zb = 0, which shows that b is constant. Then a and scal are also constant. 
Theorem 4.8. Let (M,ϕ, ξ, η, g) be a paracontact manifold and
ϕ = ϕ, ξ =
1
α
ξ, η = αη, g = αg + (α2 − α)η ⊗ η, α = const. 6= 0
be a D-homothetic transformation. Then (ϕ, ξ, η, g) is a paracontact structure too.
i). If (ϕ, ξ, η, g) is a K-paracontact structure (resp. paraSasakian), then (ϕ, ξ, η, g)
is also a K-paracontact structure (resp. paraSasakian).
ii). If (ϕ, ξ, η, g) is a η-Einstein paraSasakian structure, then (ϕ, ξ, η, g) is also
a η-Einstein paraSasakian structure.
iii). If (ϕ, ξ, η, g) is a η-Einstein paraSasakian structure with scal 6= 2n, then
there exists a constant α such that (ϕ, ξ, η, g) is an Einstein paraSasakian
structure.
Proof. If ξ is a Killing vector field with respect to g, then ξ is also a Killing vector field
with respect to g, since ξ leaves η invariant. The paraSasakian structure is preserved
since the normality conditions is preserved under the D-homothetic transformations
which proves i). If (ϕ, ξ, η, g) is η-Einstein paraSasakian structure then we have
(4.66) Ric(X,Y ) = ag(X,Y ) + bη(X)η(Y ),
It follows from Proposition 4.7 that a and b are constant and (3.15) yields
(4.67) a+ b = −2n
Then equality (4.66) has the form
(4.68) Ric(X,Y ) = (
scal
2n
+ 1)g(X,Y )− (2n+ 1 + scal
2n
)η(X)η(Y ),
From (4.64) and (4.65), for β = α2 − α, we derive
(4.69) Ric(X,Y ) = (
scal
2n
+ 1)g(X,Y )− (2n+ 1 + scal
2n
)η(X)η(Y ).
Finally, we prove iii). If we chose α = 2n−scal
4n2+4n
, the equation (4.65) for β = α2 − α
gives scal = −2n(2n+1). Then we obtain Ric(X,Y ) = −2ng(X,Y ) from (4.69). 
4.2. Integrable paracontact manifolds. Here we consider the case when the
paracomplex structure ϕ defined on D is formally integrable, i.e. the Nijenhuis
tensor Nϕ = [ϕ,ϕ] satisfies certain integrability conditions. We see below that in
this case the canonical paracontact connection shares many of the properties of the
Tanaka-Webster connection on CR-manifold. We begin with
Definition 4.9. An almost paracontact structure (η, ϕ, ξ) is said to be integrable if
the almost para-complex structure ϕ|D satisfies the conditions
(4.70) Nϕ(X,Y ) = 0, X, Y ∈ Γ(D).
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and
(4.71) [ϕX, Y ] + [X,ϕY ] ∈ Γ(D), X, Y ∈ Γ(D).
Equivalently, the ±-eigendistrubutions D± of ϕ are formally integrable in the
sense that
(4.72) [D±,D±] ∈ D±.
Indeed, (4.72) means that
(4.73)
−ϕ[X + ϕX, Y + ϕY ] + [X + ϕX, Y + ϕY ] = 0, X, Y ∈ Γ(D)
ϕ[X − ϕX, Y − ϕY ] + [X − ϕX, Y − ϕY ] = 0, X, Y ∈ Γ(D)
which is clearly equivalent to (4.70)
Theorem 4.10. A paracontact pseudo-Riemannian manifold (M, g, ϕ, η, ξ) is in-
tegrable if and only if the canonical paracontact connection preserves the structure
tensor ϕ,
∇˜ϕ = 0
Proof. It suffices to show that the integrability conditions (4.70) and (4.71) are
satisfied if and only if
(4.74) (∇Xϕ)Y + g(X − hX, Y )ξ − η(Y )(X − hX) = 0.
Indeed, (4.70) can be also written in the form
ϕ[X − η(X)ξ, ϕY ] + ϕ[ϕX, Y − η(Y )ξ] = [ϕX,ϕY ] + [X − η(X)ξ, Y − η(Y )ξ],
where X,Y ∈ Γ(TM).
From the last identity, we obtain
(4.75) g((∇ϕXϕ)Y,Z)− g((∇ϕY ϕ)X,Z) + g((∇Xϕ)Y, ϕZ)− g((∇Y ϕ)X,ϕZ)−
−2dη(X,Y )ξ+η(X)(∇Y )Z−η(Y )(∇X)Z+η(X)g(∇ϕY ξ, ϕZ)−η(Y )g(∇ϕXξ, ϕZ)−
−η(X)(g(∇ξϕY, ϕZ) + g(∇ξY,Z)) + η(Y )(g(∇ξϕX,ϕZ) + g(∇ξX,Z)) = 0
From the identity ∇ξϕ = 0 and the Lemma 2.5, we get
g((∇ϕXϕ)Y,Z)− g((∇ϕY ϕ)X,Z) + g((∇Xϕ)Y, ϕZ)− g((∇Y ϕ)X,ϕZ)+
+η(X)((∇Y )Z + (∇Z)Y )− η(Y )((∇X)Z + (∇Z)X)− 2dη(X,Y )ξ = 0
That is,
(4.76) ϕhk∇iϕhj − ϕhk∇jϕhi + ϕsi∇sϕkj − ϕsj∇sϕsi + ηi(∇jηk +∇kηj)−
−ηj(∇iηk +∇kηi)− 2ϕijηk = 0.
Since dη is closed, the third and the fourth terms of the left-hand side of (4.76) are
calculate as follows:
ϕsi∇sϕkj − ϕsj∇sϕsi = −ϕsi (∇kϕjs +∇jϕsk) + ϕsj(∇kϕis +∇iϕsk) = ∇i(ηjηk)−
−∇j(ηiηk) +∇k(ηiηj)− 2ϕsj∇kϕsi + ϕsk∇jϕsi − ϕsk∇iϕsj .
Therefore (4.76) is equivalent to
(4.77) ϕsj∇kϕsi − ηi∇kηj = 0.
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From the identity (4.77) it follows that
∇˜iϕkj = ∇iϕkj +∇iηsϕsjηk −∇iηsϕskηj = ∇iϕkj + ϕsjϕrs∇iϕrk − ϕsk∇iηsηj
= ∇iϕkj +∇iϕjk − ηj(ξr∇iϕrk + ϕsk∇iηs) = −ηj∇i(ηsϕsk) = 0.

The obstruction an integrable paracontact manifold to be normal, i.e. paraSasakian,
is encoded in the (horizontal) torsion T (ξ,X) = h(X), X ∈ D of the canonical para-
contact connection. The main result here is the following
Theorem 4.11. The torsion of the canonical paracontact connection vanishes on
an integrable paracontact manifold if and only if it is paraSasakian.
Proof. Let be (M, g, η) an integrable paracontact manifold. From the Theorem 4.10
follows ∇˜ϕ = 0. Since equation (4.45) we get
(4.78) Tijk = −ηiϕjk + ηjϕik − ηj∇iηk + ηi∇jηk + 2ϕijηk.
From the last equation we calculate
(4.79) ξiTijk = −ϕjk +∇jηk = 12(∇jηk +∇kηj).
If M is a paraSasakian manifold, then Prsi = ∇rϕsi − ηigrs + ηsgri = 0. From the
last equation we calculate
(4.80) ϕis∇rηi = grs − ηrηs.
Transvecting (4.80) by ϕsk, we obtain
(4.81) ∇rηk = ϕrk.
From the equation (4.81) we get
ξiTijk =
1
2
(∇jηk +∇kηj) = 12(ϕrk + ϕkr) = 0.
If ξiTijk = 0 from equation (4.79) we have
(4.82) ∇jηk = ϕjk.
From equations (4.77) and (4.82) we calculate
Prsi = ∇rϕsi − ηigrs + ηsgri = ξlηs∇rϕli + ηiϕks∇rηk − ηigrs + ηsgri = −ξlϕli∇rηl+
+ηiϕks∇rηk − ηigrs + ηsgri = −ηsϕrlϕli + ηiϕrkϕks − ηigrs + ηsgri = ηs(−gri + ηrηi)−
−ηi(−grs + ηrηs)− ηigrs + ηsgri = ηigrs − ηsgri − ηigrs + ηsgri = 0.
Therefore P = 0, which equivalent to M to be a paraSasakian manifold. 
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5. Paracontact manifolds with torsion
If we introduce the forms
(5.83) dF−(X,Y, Z) = dF (ϕX, Y, Z) + dF (X,ϕY, ϕZ)+
+dF (ϕX, Y, ϕZ) + dF (X,Y, Z);
(5.84) dFϕ(X,Y, Z) = −dF (ϕX,ϕY, ϕZ).
and a direct consequence of the definitions and Proposition 2.4 is the following
Proposition 5.1. On any almost paracontact manifold the identities hold:
(5.85) dF−(X,Y, Z) = −N (1)(X,Y, ϕZ)−N (1)(Y,Z, ϕX)−N (1)(Z,X,ϕY );
(5.86) N (1)(X,Y, Z) = N (1)(ϕX,ϕY, Z) + η(Y )N (1)(X, ξ, Z) + η(X)N (1)(ξ, Y, Z);
(5.87) N (1)(X,Y ) = (∇ϕXϕ)Y − (∇ϕY ϕ)X + (∇Xϕ)ϕY − (∇Y ϕ)ϕX−
−η(X)∇Y ξ + η(Y )∇Xξ.
Definition 5.2. A linear connection ∇ is said to be an almost paracontact connec-
tion if it preserves the almost paracontact structure:
∇g = ∇η = ∇ϕ = 0.
Theorem 5.3. Let (M (2n+1), ϕ, ξ, η, g) be an almost paracontact metric manifold.
The following conditions are equivalent:
1) The tensor N (1) is skew-symmetric and ξ is a Killing vector field.
2) There exists an almost paracontact linear connection ∇ with totaly skew-symmetric
torsion tensor T.
Moreover, this connection is unique and determined by
g(∇XY, Z) = g(∇XY, Z) + 12T (X,Y, Z),
where the torsion T is defined by
T = 2η ∧ dη + dϕF −N (1) + η ∧ (ξyN (1)).
Proof. Let assume that such a connection exists. Then
0 = g(∇Xξ, Z) + 12T (X, ξ, Z)
holds and the skew-symmetric of T yields that ξ is a Killing vector field, 2dη = ξyT ,
ξydη = 0 and
T (ϕX,ϕY, Z) + T (ϕX, Y, ϕZ) + T (X,ϕY, ϕZ) + T (X,Y, Z) = −N (1)(X,Y, Z).
The letter formula shows that N (1) is skew-symmetric. Since ϕ is ∇-parallel, we can
express the Riemannian covariant derivative of ϕ by the torsion form:
T (X,ϕY,Z) + T (X,Y, ϕZ) = −2g((∇Xϕ)Y, Z).
Taking the cyclic sum in the above equality, we obtain
σX,Y,ZT (X,Y, ϕZ) = −σX,Y,Zg((∇Xϕ)Y,Z) = dF (X,Y, Z).
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Adding this result to the formula expressing the tensor N (1) by the torsion T , come
calculations yield
T (ϕX,ϕY, ϕZ) = −dF (X,Y, Z)− g(N (1)(X,Y ), ϕZ) + η(Z)N (2)(X,Y ).
By replacing X,Y,Z by ϕX,ϕY, ϕZ and using the symmetry property of the tensor
N (1) in Proposition 5.1, we obtain the formula for the torsion tensor T .
For the converse, suppose that the almost paracontact structure has properties
1) and define the connection ∇ by the formulas 2). Clearly T is skew-symmetric
and 2dη = ξyT = 2∇η. Since ξ is a Killing vector field, we conclude ∇g = ∇ξ = 0.
Furthermore, using the conditions 1) and Proposition 5.1, we obtain ξydF = N (2).
Finally we have to prove that ∇ϕ = 0. This follows by straightforward computations
using the relation between ∇ϕ and the torsion tensor T , Proposition 5.1, as well as
the following lemma. 
Lemma 5.4. Let (M (2n+1), ϕ, ξ, η, g) be an almost paracontact metric manifold with
a totally skew-symmetric tensor N (1). Then the following equalities hold:
(5.88) ∇ξξ = ξydη = 0;
(5.89) (∇Xη)Y + (∇Y η)X = −(∇ϕXη)ϕY − (∇ϕY η)ϕX;
(5.90) N (1)(ϕX, Y, ξ) = N (1)(X,ϕY, ξ) = −N (2)(X,Y ) =
= dF (X,Y, ξ) = dF (ϕX,ϕY, ξ).
Proof. The identities follow from Proposition 2.4, Lemma 2.7 and formula (5.86).

We discuss these results for some special paracontact structures.
Theorem 5.5. Let (M (2n+1), ϕ, ξ, η, g) be an almost paracontact metric manifold
with totally skew-symmetric tensor N (1) = 0. Then the condition dF = 0 implies
N (1) = 0.
1) A paracontact metric structure (F = dη) admits an almost paracontact con-
nection with totally skew-symmetric torsion if and only if it is paraSasakian. In this
case, the connection is unique, its torsion is given by
T = 2η ∧ dη
and T is parallel, ∇T = 0.
2) A normal (N (1) = 0) paracontact metric structure admits a unique almost
paracontact connection with totally skew-symmetric torsion if and only if ξ is Killing
vector field. The torsion T is given by
T = 2η ∧ dη + dϕF.
Proof. If dF = 0, Lemma 5.4 implies that N (2) = ξyN (1) = 0. Then Proposition
leads to 0 = dF−(X,Y, Z) = −3N (1)(ϕX, Y, Z). The assertion that ∇T = 0 in a
paraSasakian manifold follows by direct verification. 
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We introduce the forms
(5.91) ρ∇(X,Y ) =
1
2
2n+1∑
i=1
R∇(X,Y, ei, ϕei);
(5.92) t(X) =
1
2
2n+1∑
i=1
T (X, ei, ϕei);
(5.93) dt(X,Y ) =
1
2
2n+1∑
i=1
dT (X,Y, ei, ϕei);
Proposition 5.6. Let (M (2n+1), ϕ, ξ, η, g) be an almost paracontact metric manifold
with totally skew-symmetric tensor N (1) and Killing vector ξ. Let ∇ be the unique
almost paracontact connection with totally skew-symmetric torsion. Then one has
(5.94) ρ∇(X,Y ) = Ric∇(X,ϕY ) + (∇Xt)Y + 12dt(X,Y )
Proof. We follow the scheme in [3] and use the curvature properties of ∇ in to
calculate dt(X,Y ):
dt(X,Y ) = (∇Xt)Y − (∇Y t)X + σT (X,Y, ei, ϕei)− (∇ϕeiT )(X,Y, ei).
The first Bianchi identity for ∇ together with the latter identity implies
4ρ∇(X,Y ) + 2Ric∇(Y, ϕX)− 2Ric∇(X,ϕY ) = 2dt(X,Y ) + 2(∇Xt)Y − 2(∇Y t)X.
Using the relation between the curvature tensors of ∇ and ∇, we obtain
Ric∇(Y, ϕX) +Ric∇(X,ϕY ) = −(∇Xt)Y − (∇Y t)X.
The last two equalities lead to the desired formula. 
Proposition 5.7. Let (M (2n+1), ϕ, ξ, η, g) be a paraSasakian metric manifold and
∇ be the unique almost paracontact connection with totally skew-symmetric torsion.
Then one has
(5.95) ρ∇(X,ϕY ) = Ric∇(X,Y ) + 4(n− 1)(g(X,Y )− η(X)η(Y ))
Moreover, the 2-form ρ∇ = 0 if and only if
(5.96) Ric(X,Y ) = −2(2n− 1)g(X,Y ) + 2(n− 1)η(X)η(Y ).
Proof. On a paraSasakian manifold T = 2η ∧ dη = 2η ∧ F and ∇T = 0, where
F (X,Y ) = g(X,ϕY ) is the fundamental form of the paraSasakian structure. Con-
sequently, we calculate that
∇t = 0, dt = 8(n− 1)F,
2n+1∑
i=1
g(T (X, ei), T (Y, ei)) = −8g(X,Y )− 8(n− 1)η(X)η(Y ).
Using the relation between the curvature tensors of ∇ and ∇, we obtain
Ric(X,Y ) = Ric∇(X,Y )− 2g(X,Y )− 2(n− 1)η(X)η(Y )
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and
ρ(X,ϕY ) = ρ∇(X,ϕY )− (2n− 1)(g(X,Y )− η(X)η(Y )),
and the proof follows from Proposition 5.6. 
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